In this note we show that there are a lot of orbit algebras that are invariant under stable equivalences of Morita type between self-injective algebras. There are also indicated some links between Auslander-Reiten periodicity of bimodules and noetherianity of their orbit algebras.
Introduction
Let K be a fixed field. Consider an additive K -category A. For every K -linear functor F : A → A and any fixed object X in A we define two algebras A(F ; X ) and A(X ; F ) of the functor F in X as follows. For the algebra A(F ; X ), its K -linear structure is that of
Multiplication of a homogeneous element : F (X ) → X of degree by a homogeneous element : F (X ) → X of degree is given by · = F + (X )
−−→ F (X ) − → X * E-mail: zypo@mat.umk.pl
However, for the algebra A(F ; X ), its K -linear structure is that of
Multiplication of a homogeneous element : X → F (X ) of degree by a homogeneous element : X → F (X ) of degree is given by = X − → F (X )
Such algebras have nice properties in case F is a self-equivalence. They were studied by several authors (see [3, 7, 8, 10, 11, 19, 20] ). A general reason to study these algebras is the local analysis of the endofunctor F . In many cases we are not able to describe all indecomposable objects of A and morphisms between them. In these cases the considered orbit algebras describe the local structure of A at a given object.
A particular instance of an algebra A(F ; X ) is a factor HH(A) of the Hochschild cohomology algebra HH(A), where A is a finite dimensional self-injective associative K -algebra with a unit. Actually HH(A) ∼ = A(Ω A e ; A), where A e = A ⊗ K A op is the enveloping algebra of A and Ω A e : mod(A e ) → mod(A e ) is the Heller's loop space functor on the stable category of the left finite dimensional A e -modules (compare [9] ).
Another example of an algebra A(F ; X ) is the so-called Auslander-Reiten orbit algebra A(τ A e ; A), where τ A e : mod(A e ) → mod (A e ) is the Auslander-Reiten translate (see [1, 2] ). It was proved in [14, 15] that if two self-injective finite dimensional K -algebras A B are stably equivalent of Morita type then the algebras HH(A) and HH(B) are isomorphic as well as the algebras A(τ A e ; A) and A(τ B e ; B). We have to point that computing of these algebras is a little bit technical task. In the paper we shall show only a trivial example of an application of our main result. In a subsequent paper we shall apply the results below to show that some self-injective algebras of polynomial growth are not stably equivalent of Morita type.
In the paper we shall show that there are many invariants of stable equivalences of Morita type between self-injective algebras. Our main result is the following Theorem 1.1. Let The paper is composed in the following way. In Section 2 we collected basic notions and notations. Section 3 contains a proof of Theorem 1.1. In Section 4 we consider some bimodules that can be used in studying of τ A e -periodicity and Ω A e -periodicity of A e -modules. Section 5 contains a proof of Theorem 1.2. In the paper, we shall freely use some basic notions from representations theory of artin algebras. Their descriptions and properties can be found in [1].
Preliminaries
For an associative finite dimensional K -algebra A with a unity, we shall denote by mod(A) the category of the left finite dimensional A-modules and the homomorphisms between them. The stable category mod(A) of mod(A) (or shortly of A) modulo projective objects is the quotient category mod(A)/P, where P is the two-sided ideal in mod(A) consisting of the morphisms that factorize through projective A-modules. ).
Two finite dimensional K -algebras A and B are stably equivalent if there is an equivalence Φ : mod(A) → mod(B). These algebras are said to be stably equivalent of Morita type [5] 
Stable equivalences of algebras
For a given pair of finite dimensional K -algebras A B and a fixed indecomposable object X in lrp(A ⊗ K B op ), we shall denote by
the full subcategory of mod(A ⊗ K B op ) formed by the finite direct sums of objects that are isomorphic to those of the form τ A⊗ K B op (X ) (resp., Ω A⊗ K B op (X )), where ranges the integers. 
Similarly one shows that the composed functor F H is isomorphic to the identity functor. Therefore F is an equivalence of categories, and (a) is shown.
In order to show (b), we have to define a functor G :
We infer by [12, Proposition 2.9] that for every object
. Further for any morphism :
Similarly one shows that the composed functor GL is isomorphic to the identity functor. Consequently, G is an equivalence.
Lemma 3.2.
Let A B be finite dimensional self-injective K -algebras. Let X ∈ lrp(A e ), Y ∈ lrp(B e ) be indecomposable objects. Then the following conditions are satisfied:
τ B e (Y ) for any integers . Now we shall show that for any morphism : τ A e (X ) → τ A e (X ), the following statement holds:
where are any integers and τ A e ( ) is a representative of the coset τ A e ( ). Consider the following commutative diagram: ; Ω A e (X ) ∼ = A Ω B e ; Ω B e (Y ) for any integers , which finishes the proof of (a). Similar arguments lead to (b). We omit the details. 
Lemma 3.4.

Let A B be finite dimensional self-injective K -algebras. Let X ∈ lrp(
because F is an equivalence. Furthermore, for any morphisms : X → τ A e (X ), : X → τ A e (X ), ≥ 0, we have = τ A e ( ) • . Since F commutes with τ A e and τ B e , so we have 
Example.
Consider the cyclic quiver Q whose vertices are 0 1 2 and whose arrows are 0
is an algebraically closed field. Consider two ideals I 1 I 2 in the path algebra KQ. Let I 1 be generated by the paths of length 3, and I 2 be generated by the paths of length 4. Then A = KQ/I 1 and B = KQ/I 2 are self-injective Nakayama algebras. Furthermore, we know from [16] that these algebras are τ-periodic over their enveloping algebras. Their period is 3. Applying the techniques given in [16] 
Invariance of some bimodules
For a finite dimensional self-injective K -algebra A, consider two non-zero objects X Y from mod(A e ). Then we can consider the following K -linear space: Now we shall study some properties of the bimodules A(X ; τ A e ; Y ), because they can be applied for studying the τ A e -periodicity of A e -modules. 
Lemma 4.3.
Let A be a finite dimensional self-injective K -algebra. Let X ∈ lrp(A e ) be non-zero indecomposable object. Then the following conditions are satisfied for every non-negative integer : 
Noetherianity of orbit algebras
We start this section with proving Theorem 1.2. Now let C be a left ideal in the algebra A(M τ A e ), C = C ∩ Hom A e (M M). Assume that 1 is the minimal non-negative integer such that C 1 = 0. Since C 1 is a finite dimensional K -linear space, so denote by 1 1 its K -basis. Now assume to the contrary that C is not finitely generated. Then C is not generated by Assume that for some ≥ 2 there is a K -basis of the space C that is constructed in the above way, where > −1 > > 1 > 1. Since C is not finitely generated, so there are +1 > and ∈ C +1 such that does not belong to the subspace that is spanned by
Similarly, we know that the last system of elements from C +1 is linearly independent and we can extend it to a K -basis of C +1 . In this way we obtain a system of linearly independent elements +1 − 1 +1 − 
